Inverse Trig Function Derivatives

Each of the three trigonometric functions sin x, cos x and
tan x has an inverse function, arc sin x, arc cos x and arc
tan x. We will use the chain rule to evaluate the
derivative of arc sin x. The figure shows a special right
triangle. It is special in that its hypotenuse is 1 unit long.

The side opposite the angle © is labeled x. The
definition of the sine function gives

. side opposite X
sinB = RECOPPOTE = I = X
hypotenuse 1

X =sinB

vV1— x%2 = cosB
The inverse of the relation sin® =x s
© =arcsinx (O isthe arc whose sine equals x)

This means that the derivative of 8 is the
derivative of arc sin x

d6 _ darcsinx

dx dx

. . de
We will use the chain rule to evaluate e and
d arcsinx

thereby determine .

Start by differentiating sin© = x

Use the chain rule on the left side to get

d sin® d sin® de dae
= — =cosO — =1
dx de dx dx
aoe d arcsinx
Solve for — = ———
dx dx

d® _ darcsinx _ 1

dx dx cosO

cosO can be expressed in terms of x

side adjacent Vi—x2
cosO = ] = —— =V1- x?

hypotenuse

The derivative of arc sin x is

d6 _ darcsinx 1

dx dx R

Slightly different versions of the special right
triangle let you evaluate the derivatives of
arc cos x and arc tan x.

Exercise. Use the chain rule and the special
triangle below to derive the result

d arc cos x -1

dx V1-— x2

V1— x%2 =sin®

X = CcosO

The special triangle is designed to make cos© = x.

side adjacent x
c0s = ——mMmMM = - =x
hypotenuse 1



Exercise. Use the chain rule and the special Exercise. Integrate the relation
darctanx 1

dx T 1+4x2 d arctan x 1

dx 14 x2

triangle below to show

to derive the equation

/ b d
1+ x2 arctanb—-arctana = [ —

X =tan® a 1+x2
and then show
S)
o dx
/2 =
1 / fO 1+x2
The special triangle is designed to make tan® = X. and
, . 1 dx
side opposite x =
tan® = L = - =X T[/4 fO 1+x2
side adjacent 1
_ Exercise. Use the relation
You will need the result from Table 1,
d tan® , 1 d arc cosx -1
= [secO]* = =
dae [ ] [cos6]? dx V1= x2
Wait, there’s more..... to show that

You can integrate the derivatives to produce
the inverse trig functions. This lets you
evaluate certain definite integrals. We’'ll
show how this works for arc sin x. The

a dx
arc cos a—arc cos b=fb ﬁ
-x

o L nd th
derivative of arc sin x is and that
darcsinx __ 1 = fl ax
—1v1-x2

dx T V1i-x2

Integrate this equation to get
arcsinb—arcsina= [’ —=_
“Ja y1—%2

For example, sinmt/2=1 andsin0=0so
setting a=0and b = /2 gives

1 dx
2= | e



